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Abstract. The optimization of controller parameters or gains is a chal-
lenge usually approached using empirical methods that consume valuable
time, without the certainty that the obtained gains actually produce the
desired behaviour of the controlled plant. There are several analytical
and numerical methodologies to find the parameters for PID controllers,
however currently there is not enough available information regarding
the application of optimization methods for nonlinear controllers. The
present work describes the application of the maximum descent method
to find the gains of IDA-PBC controller for a ball and beam system. The
proposed methodology involves implementing a mathematical model to
describe the system’s dynamics, the design of a objective function to
measure how closely the plant follows the desired behaviour, and finally
the evaluation of a set of gains obtained by the numerical method. The
dynamic model and the optimization algorithm were implemented in C
language in order to reduce the computer time compared to the use of
frameworks such as MATLAB. Numerical simulations to validate the
effectiveness of the proposed methodology are included.
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1 Introduction

Control systems theory deals with the analysis and design of components and
their interaction as a system to produce a desired behaviour [1]. A key configura-
tion in control theory is based on the essential notion of feedback, a closed-loop
controller uses feedback to control the states or outputs of a dynamical system.
Its name comes from the way that information flows through the system: The
system’s input is usually a reference point r(t), that represents the desired system
output, using a feedback the current system output y(t) is obtained and sub-
tracted from r(t) to calculate an error signal e(t) which is used by the controller
to obtain a signal u(t) to modify the plant’s behaviour, as shown in Fig. 1.

The theory and practice of control has a wide range of applications on the
fields of engineering such as aeronautics, chemistry, mechanical systems, ambient
management systems, construction, electrical networks among many other disci-
plines. The advantages of an efficient control on industrial applications are huge,
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and include quality improvements, reduction of waste and energy consumption,
enhanced security levels, and pollution control.

Fig. 1. Closed-loop control system.

The starting point of a control system analysis is the mathematical model
of the plant, usually presented as an operator between the system’s inputs and
outputs, or as a set of partial differential equations. Most mathematical mod-
els used in control system are linear and there is a vast and robust knowledge
corpus on this specific subject. However, current technological advances have
generated a huge variety of new problems and applications where it’s nonlin-
ear essence is of importance. For instance, nonlinear dynamics are observed
commonly on modern engineering applications such as flight command systems,
robotic manipulators, automated highways, plane wing structures, boats, reac-
tion engines, turbo-diesel motors, electrical induction motors and high perfor-
mance fuel injection systems [2–4]. Such systems cannot be properly described
by linear models, that is the main reason for the use of nonlinear models and the
development of tools and concepts for nonlinear systems control. Interconnection
and Damping Assignment (IDA) an extension of Passivity Based Control (PBC),
is a successful methodology for the design of nonlinear control systems [5] that
provides certain advantages compared to others. The foremost advantage is that
controllers produced using this methodology are designed to achieve asymptotic
stability of desired equilibrium states on nonlinear systems, without the need of
linearisation or decoupling procedures [6]. Secondly, when using the Hamiltonian
structure with a desired energy function, this function qualifies as a Lyapunov
candidate for the desired equilibrium. Also, the IDA-PBC method is motivated
by the principles of energy and damping injection, and it is demonstrated that
the energy shaping and the designs of control systems based on passivity are
effective to solve problems that involve underactuated mechanical systems [7].
Ultimately, the IDA-PBC method provides free parameters, which increase the
number of possible solutions of the partial differential equations [5]. However a
problem with this method is that it does not provide a way to adjust or tune the
design parameters and the performance of the controllers that produce, depends
on this values.
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2 The IDA-PBC Method

A brief review on the IDA-PBC method applied to control a class of underactu-
ated mechanical systems is presented (see the work done by Ortega et al. [5] for
further details). The procedure starts from the Hamiltonian description of the
system by means of the total energy function (kinetic plus potential energies)
given by

H(q,p) =
1
2
pT M−1(q)p + V (q), (1)

where q and p ∈ Rn are the vectors of generalized position and momenta,
respectively, M(q) = MT (q) > 0 is the inertia matrix and V (q) is the potential
energy [8]. If we assume that the system has not natural damping, the equations
of motion can be written as

d

dt

�
q
p

�
=

�
0n×n In×n

−In×n 0

� �
∇qH
∇pH

�
+

�
0n×m

G

�
u, (2)

being u ∈ Rm, the vector of control inputs and G ∈ Rn×m, with rank(G) = m
where n > m for underactuated systems.

The IDA-PBC methods assigns a particular desired structure in closed-loop
system, with desired energy function given by

Hd(q,p) =
1
2
pT Md(q)−1p + Vd(q), (3)

where Md(q) = MT
d (q) > 0 and Vd(q) are the desired inertia matrix and the

desired potential energy function, respectively.
The desired closed-loop system is

d

dt

�
q
p

�
=

�
0n×n M−1Md

−MdM
−1 J2(q, p) − GKvGT

� �
∇qHd

∇pHd

�
, (4)

where J2 = −JT
2 and Kv = KT

v are free matrices. Now, for this class of systems,
the main challenge of the IDA-PBC method consists in solving the following set
of partial differential equations, called matching equations

G⊥[∇q(pT M−1p) − MdM
−1∇q(pT M−1

d p) + 2J2M
−1
d p] = 0, (5)

and
G⊥[∇qV − MdM

−1∇qVd] = 0, (6)

where G⊥ ∈ R(n−m)×n, such as G⊥G = 0(n−m)×m whose solutions Md and Vd

produce the control law given by

u = (GT G)−1GT [∇qH − MdM
−1∇qHd + J2M

−1
d p] − KvGT M−1

d p. (7)

Furthermore, if Md is a positive definite in a neighborhood of q∗ and

q∗ = argmin(Vd), (8)

then [qT pT ]T = [q∗T 0T ]T is a stable equilibrium of the closed-loop desired
system, with a Lyapunov function Hd. This equilibrium is asymptotically stable
if it is locally detectable from the output GT ∇pHd.
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3 Ball and Beam System

The ball and beam system is one of the most popular and important bench-
mark systems for studying control systems. Several classical and modern control
methods have been used to stabilize the ball and beam system [9,10]. The sen-
sor placed on one side of the beam detects the ball role along the beam and its
position. An actuator drives the beam to a desired angle by applying a torque at
the end of the beam. Figure 2 shows the ball and beam system (Quanser Model
SRV02 and BB01) which is utilized in this research work. The controller regu-
lates the ball position by moving the beam using the motor and overcoming the
disturbances. The ball and beam system is an inherently unstable system. In
other words, the ball position can be changed without limit for a fixed input of
beam angle. This property has made the ball and beam system a suitable device
to test different control strategies. The ball and beam system has 2 Degrees-
of-Freedom (DOFs). The ball is assumed to have friction, rotary moment of
inertial and coriolis acceleration during motion on the beam. However, some of
the dynamic properties are neglected in most of the research work regarding
the ball and beam mechanism in order to simplify the dynamic equation of the
system [11,12], a linear approximation is not accurate when the angle of the
beam is appreciable. Thus a more advanced control technique such as nonlinear
control like IDA-PBC should work better (Table 1).

Fig. 2. Ball and beam system.

The behaviour of the system in its Hamiltonian structure (2) can be followed
in [13,14] and is described by the following definitions, with the values a1 =
mB + JB

R2
B

, a2 = Jb
d2

L2 + Jfw, a3 = mB
d2

L2 , a4 = mBg and a5 = mbg
L
2 , where

q = [q1, q2]T p = [p1, p2]T ,

M(q1) =
�
a1 0
0 a2 + mB

�
L
2 + q1

�2

�
, (9)
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V (q) = a4

�
L

2
+ q1

�
+ sin(q2) + a5sin(q2) (10)

and
G = [0, 1]T . (11)

Table 1. Ball and beam system physical parameters.

Symbol Description Units

mb Ball mass 0.15 kg

Jb Inertia of the beam 0.009 kg m2

Jfw Inertia of the ball 0.002 kg m2

L Length of the beam 0.4255 m

d Coupling union radius 0.0254 m

RB Ball radius 0.0127 m

mB Ball mass 0.064 kg

4 An IDA-PBC for the Ball and Beam System

The control objective is to bring the ball to a desired position over the beam,
which must remain horizontal. Formally, the control objective is established as
follows

lim
t→∞

�
q1(t)
q2(t)

�
=

�
q1d

0

�
. (12)

Muralidharam et al. [13] designed an IDA-PBC control law to a ball and beam
system that satisfies the control objective (12), where Md y Vd are given by

Md =

⎡
⎣ k1a1

�
L
2 + q1

�
a1



a2 + a3

�
L
2 + q1

�2
�

a1



a2 + a3

�
L
2 + q1

�2
�

k4

⎤
⎦ (13)

and

V (q) =
a4

a1
[1 − cos(q2)] +

kp

2

�
q2 − k2

k1
log

�
L + 2[q1 − qd1 − q2]

L

��2

, (14)

with k1 =
√

2a1a3, and k4 y kp are free parameters strictly positive.

Jd =
�

0 j2(q,p)
−j2(q,p) 0

�
, (15)

α = [α1; α2]T , (16)
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W =
�

0 1
−1 0

�
, (17)

α1 = 2a3λ2

�
q1 +

L

2

�
(λ4 − λ1) (18)

and

α2 = a3

�
q1 +

L

2

�
λ2

4. (19)

Free matrix Jd is defined by (15) where j2 = −pT M−1
d α(q,p)W , α by (16), W

is given by (17), α1(q,p) and α2(q,p) by (18), (19) respectively.
The functions λi are as follows

λ1 = k1

�
q1 +

L

2

�
, λ2 = k2, λ4 =

k4

a2 + a3

�
q1 + L

2

�2 , (20)

where k1 > 0 y k2 = k1

�
a1/(2a3).

In [14] qd1 is introduced in Vd (14), what extends the results of Muralidharan
[13] where only qd1 = 0 is considered.

Using Eqs. (13) and (14), the control input u can be obtained by (7) and the
system (2) can be simulated.

Once the control law is obtained, remains the problem of assigning suitable
values to the free parameters k4, kp and kv in the control law, to ensure the
control objective (12) with good performance, this procedure is known as tuning
the controller. A problem that can arise with this kind of controller is that a bad
tuning may result in a poor performance or even lead to instability.

5 Tuning of the IDA-PBC Controller

There are many tuning methods to determine the gains of PID controllers to
obtain good performance and robustness [15]. Some methods with simple for-
mulas use little information of the plant’s dynamics resulting in moderate per-
formance and a re-tune process by trial and error depending on those results.
More sophisticated tuning method can get rise to considerable improvements in
performance, but they are also more computationally demanding and depend on
more information of the plant’s dynamics [16]. However, there are no methods
in the literature for nonlinear controllers, such as the one presented in this work.

We consider the tuning of the control law as an optimization problem. To do
this we need the following:

1. Select a performance index to be used as objective function.
2. Select an optimization algorithm.

For the purpose of selecting a performance index we can consider the rise time
(the time needed by the control system to reach the desired value after a per-
turbation), peak overshoot (the highest value reached by the response before
reaching the desired value) and settling time.
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However, there are other criteria that take into account the transitory regime
of the solution, to get a finer tuning and improve the response of the controller.
Most of these criteria consider the tracking error as the current value of the
position q(t) minus the desired value qd, in this particular problem qd,q(t) ∈ R2,
so the error e(t) is defined as

e(t) =
�
q1(t) − q1d

q2(t)

�
. (21)

A performance index commonly applied in control field is the integrated square
error or ISE [17], defined as shown below

ISE =
� ∞

0

�e(t)�2dt. (22)

In this performance index, larger errors contribute a lot in the integrate, this
tends to give solutions with small overshoots, but unfortunately it is insensitive
to small errors. A variation of this index, that was used in this work is the
integrate time-square error, given by

ISTE =
� ∞

0

�e(t)�2t2dt, (23)

which takes account of errors that remain in time, thus penalizing oscillatory
solutions [18].

It was decided to use a numerical method because they are guaranteed to
produce at least local optimum when they are used in smooth functions. In
contrast, heuristic methods, are designed to produce good answers quickly, but
they are not guarantee of finding a true optimum.

The applied numerical method was gradient descent, a first-order iterative
algorithm, that consists in taking steps proportional to the negative of the func-
tion’s gradient at the current point.

The reason to apply this method, in spite of its low order of convergence, is
that newtonians or quasinewtonians algorithms would have required the imple-
mentation of a numerical estimate of a Hessian matrix or many evaluations of
the aptitude functions which was considered expensive and unstable.

Gradient descent is based on the observation that if a multivariable function
F (x) is defined and differentiable in a neighborhood of a point a, then F (x)
decreases fastest if one goes from a to the direction of the negative gradient
of F (x) at a. It follows that, for small enough values of γ, (24) is fulfilled and
F (an) ≥ F (an+1) [19].

an+1 = an − γn∇F (an). (24)

Taking this observation into account, the algorithm starts with a guess x0 for
a local minimum of F , and considers the sequence x0,x1,x2... such that the
following is fulfilled

xn+1 = xn − γn∇F (xn), n ≥ 0, (25)
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and F (xn) in the sequence

F (x0) ≥ F (x1) ≥ F (x2) ≥ . . . ≥ F (xn) (26)

converges to a minimum. Note that the value of step size γ is allowed to change
at each iteration.

When the step length γk is computed, a trade-off must be solved. It is desir-
able to choose γk to achieve a substantial reduction of F , but at the same time,
it is important to limit the time consumed making the choice. The ideal choice
would be the global minimizer of the univariable function

φ(γ) = F (xk + γ∇F (xn)), (27)

but in general, it is too expensive to identify this value. A simple condition we
could impose on γk is that it provides a reduction in F (x) as shown in

F (xk + γk∇F (xk)) < F (xk). (28)

To find adequate values to γ in each iteration, we used a so-called backtracking
approach. In its most basic form, backtracking proceeds as shown in Algorithm 1.

Algorithm 1. Backtracking.
Choose γ0 > 0, ρ ∈ (0, 1)
γ = γ0

repeat
γ = ργ

until F (xk + γ∇F (xk)) < F (xk)
return γk = γ

Once solved the problem of finding γ in each iteration, we can formulate the
gradient descent Algorithm 2.

Algorithm 2. Gradient descent.
Choose x0, set ε > 0, k = 1,xk = x0.
while ∇F (xk) >= ε do

dk = −∇F (xk)
Choose γ using Algorithm 1
xk+1 = xk + γdk

end while
return xk

For the particular problem of tuning the ball and beam controller, an objec-
tive function of the form (23) was defined as

F (k4, kp, kv) =
� T

0

�e(t)�2t2dt. (29)
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Since the control law is continuous when k4, kp, kv > 0 and Md, M are invertible,
q(t) is bounded because the control objective (12) is achieved. So we can guess
F is a smooth function, thus, can be minimized locally using gradient descent.

However, we can not assure that F has just one optimum point, so a suitable
approach consists in generating multiple initial random values for the vector
x0 = [k4, kp, kv], gradient descent is used to find the local optimum for each of
the starting points and the best of them is considered as the solution.

6 Implementation

The evaluation of (29) requires to know the values of q over a time interval
(0, T ), so a full simulation of the system’s dynamic is needed for each vector xi =
[k4, kp, kv]T . In order to solve the set of differential equations involved, a fourth
order Runge-Kutta (RK) numerical method was implemented, this algorithm
guarantees an error of Δt5 order for each step of size Δt [20].

To compute the next vector xi+1, the gradient of (29) must be estimated,
given the complexity of the analytical solution, a divided centred differences
method was used, this ensures an numerical error proportional to the square of
the step size � used in Algorithm 2.

Since this is a multi-modal problem, it is adequate to perform several execu-
tions of the descent using different starting points, a parallel implementation of
the algorithm was used to take advantage of the modern processor architecture
by evaluation simultaneous starting points.

The program was written in C language and compiled using the GCC 4.8.4
compiler collection, the message passing library OpenMPI 1.8.4 was used to
implement process synchronization. The presented results were obtained using
a workstation with i7-3770 processor and 4 GB of RAM, running a 64 bits
LinuxMint 18.2 installation.

The simulation period limit T was 3 s with initial resting conditions q1(0) =
0.2m, q2(0) = −1 rad and a maximum 1.2N in each components of the requested
control signal vector was used.

The RK parameters used were � = 1e−5 and Δt = 1e−4. For the backtracking
algorithm, the proposed values in [19], γ0 = 1 and ρ = 0.5 were used.

The parallelization strategy was to execute eight processes (one per every
processor’s virtual core) each one applied the gradient descent to ten different
random starting position vectors x0, finally the best result of each process is
consolidated on the rank 0 process and displayed as the final result.

7 Results

The obtained results were compared against the performance in simulation of the
set of gains empirically obtained presented in [14]. Table 2 shows a comparison
of the obtained sets of gains using each method.
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Table 2. Comparison of gains.

Tuning method k4 kp kv F (k4, kp, kv)

Empyrical 0.012 40.0 0.795 0.076759

Gradient descent 0.031087 44.509438 0.515262 0.005749

Fig. 3. Position and momenta behaviour.

The states and momenta behaviour of the closed loop system using the empir-
ically obtained gains in [14] and the proposed methodology is shown on Fig. 3a
and b. Also the control signal required by the controller using each set of gains
is depicted on Fig. 4a and b respectively.
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Fig. 4. Control signal behaviour.

8 Conclusions and Future Work

The proposed methodology obtains a set of gains that produces a superior
behaviour of the simulated system in overshoot reduction and setting time with
less oscillations than the gains obtained in [14].

It is also of notice that the range of control signals produced by the tuning
process does not exceed the nominal value of the actuator.

The methodology of assuming that the tuning problem is equivalent to the
optimization of a soft function and that therefore it is suitable to solve by using
numerical methods seems to be valid for this particular ball and beam system.
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The implementation of this methodology on different plants for its validation
remains as future work, as well as the evaluation of different objective functions
and optimization strategies.
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e Informática industrial 15, 36 (2017)
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